Part I

Introduction
In this paper we provide a mathematical interpretation of a cryptic remark of Sraffa (1960) , which not only gives a new perspective to an interpretation of Sraffa's book but also raises a serious question on the logical foundations that lie behind the concepts of 'centre of gravitation' and 'market prices' of classical and Marxian economics. Furthermore, the finding presented below not only challenges the age old idea of the tendency of the market to come to equilibrium through the mechanism of the equalization of the rate of profits across sectors, but it might also have critical consequences for the notion of inter-temporal general equilibrium that does not rest on such a mechanism.
In Chapter 1 of his book, Sraffa (1960) establishes the fact that in a 'subsistence economy' the relative prices of commodities "spring directly from the methods of production" because such a system, represented by its inputs and outputs, has, in general, n-1 relative prices as unknowns with n-1 independent equations. In Chapter 2, Sraffa begins with a statement, "If the economy produces more than the minimum necessary for replacement and there is a surplus to be distributed, the system becomes self-contradictory" (p. 6). Now we have n independent equations with only n-1 unknown relative prices. The surplus produce, however, cannot be distributed prior to the determination of prices as profits are reckoned as a proportion to capital investment and such a proportion between collections of heterogeneous goods cannot be determined prior to the knowledge of prices. Hence, Sraffa goes on to add: "Accordingly we add the rate of profits (which must be uniform for all industries) as an unknown which we call r …" (p. 6, emphasis added). Both the Sraffians (e.g. Garegnani 1976, 84, 90, 98 ) and the Neoclassicals (e.g. Hahn, 1982) have read it as an endorsement of the idea of centre of gravitation, where the system is assumed to have settled at the equilibrium. But if this was the case, then one would have expected Sraffa to have written: 'which should or ought to be uniform in equilibrium'. However, he uses a cryptic "must" without even a qualification about equilibrium. In fact the very first sentence of the 'Preface' of the book announces that: "Anyone accustomed to think in terms of equilibrium of demand and supply may be inclined, on reading these pages, to suppose that the argument rests on a tacit assumption of constant returns in all industries. … In fact, however, no such assumption is made" (p. v, emphasis added). Thus thinking in terms of equilibrium of demand and supply is clearly denied and the choice of the cryptic "must" clearly points to a logical necessity rather than an assumed outcome of the behaviour of a system.
As a matter of fact, during the period of his early theoretical breakthrough, i.e., from late 1927 to 1931, we find Sraffa to be worried about how to "justify or explain the equal percentage added to initial stock of each industry." And after arguing that capital might not be reinvested in the sectors having lower rate of profits and thus not being able to reproduce itself in the long run, he goes on to add, "in this way we are allowing to come back through the window the [notion of cost as] 'inducement' we had excluded from the door [PSP D3/12/6]" (quoted in Garegnani 2005, p. 475, emphasis added) . It should be noted that Sraffa had taken a philosophical or methodological position that the theoretical understanding must be built on only things that are ideally observable and thus no subjective element should enter his equations. Furthermore, during the same period, Sraffa in an attempt to explain the meaning of his equations writes, "The significance of the equations is simply this: that if a man fell from the moon on the earth, and noted the amount of things consumed in each factory […] during a year he could deduce at which values the commodities must be sold, if the rate of interest must be uniform and the process of production repeated. In short, the equations show that the conditions of exchange are entirely determined by the conditions of production" (PSP, D3/12/7). The reader should take note of the qualifier, "if the rate of interest must be uniform". Interestingly, the qualifier "if" disappears in the book! What could have happened between the early breakthrough and the publication of the book in 1960? We shall argue that it was the discovery of the Standard system and the Standard commodity in the early 1940s, which could have convinced Sraffa that the uniformity of the rate of profits was a logical necessity of any given system of production that determines prices internally, irrespective of equilibrium of demand and supply.
In what follows: in section 2, we describe the nature of Sraffa's proposition regarding the uniform rate of profits and argue that it is a refutation of the idea of 'centre of gravitation' rather than its endorsement; and in section 3, we show that Sraffa's proposition regarding the uniformity of the rate of profits raises some serious theoretical issues for the notion of equilibrium of the inter-temporal general equilibrium theory as well. Part II provides a rigorous mathematical proof of the arguments made in section 2 of part I. Since both the numerator and the denominator are made of the same commodities in the same proportion, the maximum rate of profit of the system can be derived from the physical system of production without any regard to the respective values or prices. As the reader can verify, R = 20% or 1/5 in this case. R, so determined from the Standard System, must also apply to the real system as a whole. Now we write the price equations of the real system as: Equations (v)- (vii) give us three independent equations in three unknowns. The reader can verify that the solutions of R 1, R 2 and R 3 come out to be R 1 = R 2 = R 3 = 1/5. This can be generalized for n commodity case. (A general mathematical proof of the above proposition is provided in Part II of the paper). Now in the case of positive wages, as long as wages are expressed in terms of the Standard commodity, which in this case is made of a combination of (1t. of iron: 1.5t. of coal: 2qr. of wheat), it reduces the net output of the Standard system in the same proportion as the proportion of total inputs used in the system. Thus the rate of profits of the system is still deduced by the physical ratio of the net output to the total commodity input of the system. This rate of profit must also prevail for the given real system as long as the wages in terms of the Standard commodity is given to be the same. After which one can similarly calculate the rates of profits for each sector to confirm that the rates of profits must be equal in all sectors.
The Nature of 'uniform rate of profits' in Sraffa
(
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The intuitive reasoning behind this result comes from the property of the Standard system. One can clearly see in the Standard system that the rate of profits is a 'non-price phenomenon'-it is 7 apparently embedded in the physical system of production of commodities by means of commodities.
This finding shows that uniformity of the rate of profits in the system has nothing to do with the equalization of the supplies with their effectual demands. As a matter of fact, relative prices cannot go anywhere they feel like-they are completely constrained by the system of production and the condition of its reproduction. In some sense Sraffa's result points to a similar break in economics as the break from classical mechanics to quantum mechanics. 3 The classical and neoclassical economics treat individual industries as independent entities, which through their interaction generate centres of gravitation that bring a system into being. Sraffa's result show that the system is not made up of independent industries but must be treated as a whole unit and the properties of the whole determine the properties of its parts.
Let us make it clear what the above proposition is not saying. It is not saying that unequal rates of profits in different sectors cannot exist. One can always find a vector of all positive prices, if imposed on the given system of production would generate all positive but differing rates of profits.
For example, let us take Sraffa's example of two commodity world given on page 7.
280 qr. wheat + 12 t. iron 575 qr. wheat III 120 qr. wheat + 8 t. iron 20 t. iron.
The reader can verify that the associated Standard system will give the system's commodity rate of profit equal to ¼ or 25%. Applying this rate of profit for the system III as a whole gives us:
p i = 15 p w . By plugging this relative price into two price equations:
we can derive R 1 = R 2 = ¼. Now suppose, instead of p i = 15 p w , the State decreed prices to be p i = 20p w . The reader can verify that if such a price was imposed on the system, then the solution for R 1 and R 2 will come out to be R 1 = 11/104 and R 2 = 7/32; i.e. the rates of profits prevailing in the two sectors will be positive but unequal. But such a result is possible only if prices are arbitrarily imposed from outside the system, and are not generated from within the system. This point can be easily verified by contemplating a rise in wages from zero to its maximum. If the rates of profits are not uniform in the system then some rate of profits would become negative before others become zero. This implies that the system will simply not be able to distribute all its net income to labour, which in effect reveals an artificial constraint on the system. It should also be noted that the local rates of profits will not be equal whenever the global rate of profit of a system is not equal to its Standard rate. Thus the necessary condition for equality of the local rates of profits is that the global rate of profit of the system must be equal to the Standard rate.
We may be asked: if what we say above is true, then how does the system react if there are excess demands and supplies in the system? The answer, of course, must lie in quantity movements. In the presence of excess demands and supplies, some sectors will have excess inventory build up and some will have excess inventory depletion. Thus it may be expected that the sectors with excess inventory build up would reduce its output in the next time period whereas the sectors with inventory depletion would want to increase their outputs. However, given the complicated structure of the system, it cannot, a priori, be said that such actions would necessarily lead to equilibrium of demand and supply. Furthermore, it should be kept in mind that whenever we contemplate such quantity movements over periods of time, we will have to make assumptions about returns to scale.
The logic of the gravitation mechanism, on the other hand, works as follows: If the supplies are not equal to the effectual demands of a given system, then the capitalists who have excess inventory build up will lower their relative prices and the capitalists with depletion of inventories would raise 9 their relative prices. This new set of prices once imposed on the system (call it 'market prices') would generate unequal rate of local profits leading to rescaling of various sectors (given CRS). Any such rescaling, however, would ensure that the local rates of profits will never be equal at those 'market prices' (see Part II). Thus the rescaling must be accompanied by the changes in the price vectors imposed on the system till all the effectual demands are equal to all the supplies, at this stage the vector of prices that generate equal rate of local profits is imposed. It should, however, be noted that, to the best of our knowledge, no one has proven that such adjustment mechanism must converge. Steedman (1984) has argued that a commodity's 'market price' may be higher than its 'natural price' and yet its actual rate of profit may be lower than its 'natural' rate of profit simply because the 'market prices' of its inputs may be even higher. In this case, the system will move away from the centre of gravitation rather than move towards it. The concept of the centre of gravitation was simply taken as an article of faith in the classical and Marxian literature for one good reason. Without it there was no means of developing a coherent theory of value and the notion of an economy as a system. Our discovery of Sraffa's proposition shows that such article of faith is no longer needed. We can have a robust theory of value and conceive of the economy as a whole unit without having to believe in the notion of equilibrium of demand and supply and the forces of gravitation. 
Contradiction between Sraffa's result and the GE
Now we move to consider a possible impact of the above finding on the inter-temporal general equilibrium theory. Following Hahn (1982) , let us consider a case of two commodities and two time periods model. We will refer to the two commodities as x and y and two time periods as 0 and 1. 
Let us also define:
.
Substituting (2) in (1), we get,
Equations (4) have exact Sraffa form except that (4) assume CRS and thus are written in terms of per unit of outputs whereas Sraffa's equations would be for the real amount of outputs produced. The reader can verify that since equations (4) do not assume R x to be equal to R y , the Sraffa equations do not assume relative input prices to be equal to relative output prices. Thus Hahn (1982) is simply wrong in claiming that Sraffa assumes that "The price of every good as output is the same as its price as input" (p. 355).
From our finding above, we now know that R x = R y = R (say). (4) and (5) gives us three equations in four unknowns. Given R or w from outside, we can solve for prices and either the wage rate or the rate of profits. In this solution, the a ij' s are taken as given.
In the presence of choice of techniques, the inter-temporal general equilibrium treats the a ij' s as endogenous variables. However, to do so it needs more information. It takes the initial endowments of x, y and labour as given, say X, Y and L. On the assumption of constant returns to scale, the production function is given by: 1 j = f j (a 1j , a 2j , a 0j ), j = x, y.
5 The reader can verify that given: (2') The rate of profit for the system (1') and (2') is given by: [(1 -a xx -a yx ) P 1 x + (1 -a xy -a yy )P The value of R* can be derived directly from eq. (5') without the knowledge of prices because of (4'). Since R and R* are both derived from the same equations, it follows that R = R*. And as shown above, whenever R = R*, R x = R y .
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Assume perfect competition, i.e., all agents treat (P 
Equations (2) and (8) (2) and (8) hold. Since (8) is an equilibrium condition, the equilibrium of the system must belong to the set Q. Given CRS, if Q* is a member of Q then whatever is the demand for x and y in period 1 will be supplied by the producers. 
The set of five equations (2), (8) and (11) This brings forth the contradictions between the logical results of the Sraffa system and the results of the inter-temporal general equilibrium system based on behavioural assumptions. As we have seen from the Sraffa's system, the equality of R i 's is a logical necessity of any given system of production irrespective of the condition of excess demand. Thus the inequality of R i 's in the intertemporal general equilibrium system stands in contradiction with the logical result. Moreover, given that R i 's must be equal, the system has only 4 unknowns and not five, which implies that the intertemporal general equilibrium system is overdetermined. Further inquiries into such anomalies are needed.
Part II
Stable point in Sraffa's system: the mathematical proof
Basic notations
Let's start with an example we encountered previously: Such a system does not represent simple "additions" but a whole machinery.
Let's think of a n sectors economy with single commodity production. Whatever these sectors are, let us number the commodities from 1 to n . In the " i " sector (i.e. the production unit of product i ): the entries are quantities j i q , with respect to the commodities numbering; the amount of labour is denoted i l and the output is i a . Thus, the system (S) is:
Such a system can be represented by a matrix and two vectors. Let's define:
where L and A are column vectors. Then the system can be written:
Each line corresponds to one production unit. From now, we will only consider viable systems, which means that the following conditions should be satisfied:
• the matrix Q is invertible with non negative entries;
• all the outputs i a are strictly positives;
• the total amount of labour is equal to 1 (but this is not a necessary assumption);
• there are no independent or 'non-basic' commodities;
• each i a is strictly greater than i i q , .
Standard system
A system is said to be "standard" if, given any pair of products, the proportions between the total inputs of these commodities and their total outputs are equal. With the previous notations, this means that the "Standard Condition" (SC1) is:
One sees immediately that this condition is equivalent to the following: There exists a constant ρ , called the standard factor, such that:
In terms of matrices, the condition (SC2) can be restated as: 
Standardization of a system
Given a system (S) A L Q ⇒ | , one can rescale the inputs and outputs in the production units so that the new system is a standard one. Let
be a column vector of size n and let ) ( Λ = Λ diag be the diagonal matrix (i.e. all non diagonal entries are equal to zero) whose diagonal entries are the i λ .
The system obtained by multiplying line number i by i λ is:
Since Λ is diagonal, such a system is standard if and only if:
which condition can also be written:
Let's suppose that there is a ρ for which the system (SS2) has a solution. Then the system reduces to the linear system:
which can be restated as: . For describing a viable economical system, the outputs should be greater than the inputs. Thus, the eigenvalue ρ should be positive and lesser than 1.
It has been shown by Sraffa (1960, ch. v) that standardization is unique.
Prices and local profits
Every commodity of a system has a price that can be freely modified. The cost of production then depends on these prices ( i p ) and the wages ( w ). We will consider that the wages are equal in each sector. Given a system:
The cost of production in sector i is given by:
while its gross income is given by:
Thus given a system of prices, the rate of profit of sector i is the number i R satisfying:
In terms of matrices, the local rates of profit are given by:
where Ã is as above and where R and L are the diagonal matrices whose diagonal entries are the rates of profit and the amount of labour respectively and where R and P are the column vectors whose entries are rates of profit and prices respectively.
From (RP1), it is obvious that the maximal local rates of profits are obtained when the wages are equal to zero. In this case, system (RP2) can be written as:
Thus, the maximal local rates of profit satisfy:
Last formula leads to a system of n 2 variables and n equations.
Lemma 1
If one sets prices to some values, providing that QP has no zero entries, (MaxRP2) becomes solvable in terms of i R 's and the solution is unique.
Proof:
This can be seen directly from the definition of the i R 's: (RP1).
QED
On the other hand, if one sets the local rates of profit to some values, then the matrix
should not be invertible. Otherwise, one would have the condition 0 = P which is a forbidden value for prices.
Lemma 2
If ρ is as before, there exist choices of positive prices P such that the corresponding local rates of
Since ρ is an eigenvalue of matrix is called the standard rate of profit.
Global profit
The global profit of the system is the number G R defined by:
In other words, it's the rate of profit made by the system as a whole. The global rate of profit can be computed from local rates of profit via:
Lemma 3
If the local rates are all equal to the same constant, then this constant is the standard rate and the global rate is also equal to the standard rate.
Since all local rates are equal to the same constant r , we obtain from (MaxRP2): and, thus, r is equal to the standard rate. Furthermore, from (GR), the global rate of profit is also equal to the standard rate.
QED
Lemma 4
A system is standard if and only if its global rate of profit is constant. In which case, it is equal to the standard rate.
Proof:
Let's suppose that the global rate of profit is a constant r . Then, for all vector v , one has:
Since this is true for all prices and since matrix Ã is invertible, one concludes that r is the standard rate and that e is an eigenvector of matrix for the eigenvalue ρ . In short, one has e = Λ which means that the system is standard.
Conversely, if the system is standard, one has A e Q t ρ =
. Thus: 
Lemma 5
For fixed prices P , local rates of profit are completely independent of rescaling.
Since (maximal) local rates of profit are given by:
and since diagonal matrices commute between themselves, one has:
Therefore, for fixed prices P , local rates of profit are completely independent of rescaling.
QED
This last lemma needs some explanations. First, let's do a summary of different properties that looks contradictory but are not:
• Local rates of profit are completely determined by prices and the standard system.
• Standard systems have a constant global rate of profit.
• Global rate of profit of non standard system is not constant. Now, one could first compute local rates of profit (which are independent of rescaling) and then compute global profit. Since the result depends on rescaling, that means that the second process depends on rescaling.
It should be emphasized that units of production are, mathematically speaking some kind of functions. For which one only knows their values in only one point. During the rescaling process, one should think that the new functions obtained that way are different from the ones of the original system. What one generally assumes (without saying it) in the so-called "constant returns to scale" process is that these functions are linear. Although this last assumption could be a more or less good approximation of the behaviour of the system for tiny rescaling, it can turn out to be completely wrong in general. Therefore, we will avoid making such an assumption here. Now, one can ask if there is a choice of prices (or local rates of profit) such that the associated global rate does not depend on rescaling.
Proposition 6
For a fixed choice of prices, the global rate of profit is independent of rescaling if and only if the local rates of profit are all equal. In which case, the global and local rates of profit are equal to the standard rate.
Proof:
Suppose that G R is independent of rescaling. Let's recall that: 
Conversely, if id
, then, by lemma 3, the global rate is equal to the standard rate and, thus, is independent of rescaling.
QED the identity matrix. This means that if the global profit does not change even for tiny rescaling, then the global rate and the local rates are all equal to the standard rate.
Conclusion
The last proposition means that the point where local rates of profit are equal is a stable point;
in fact, it is the only point which is unaffected by rescaling. One should be aware that there are sets of prices for which the global rate is equal to the standard rate and the local rates are unequal. However, for any of these sets, there exist rescaling that change the global rate of profit, which vitiates the necessary condition for equalisation of the local rates of profits; and as we have argued above in Part I, such sets of prices are possible only when there is some outside constraint put on the system, since in this case the total net output cannot be allocated to labour alone without causing some rates of profits to become negative.
